Abstract. In this paper it is proved that, when Q is a quiver that admits some closure, for any algebraically closed field K and any finite dimensional K-linear representation X of Q, if Ext 1 KQ (X , KQ) = 0 then X is projective (Theorem 1.11) . In contrast, we show that if Q is a specific quiver of the type above, then there is an infinitely generated non projective KQ-module Mω 1 such that, when K is a countable algebraically closed field, Martin's Axiom (which is a combinatorial axiom in set theory) implies that Ext 1 KQ (Mω 1 , KQ) = 0 (Theorem 2.11).
Introduction
Bound quiver algebras of finite connected quivers strongly influence research on representation theory of Artin algebras. Gabriel found a correspondence between finite dimensional algebras and linear representations of bound quivers ( [8] , [3, II] ), so it follows that studying modules of finite dimensional algebras is reduced to studying modules of bound quiver algebras. In this paper, we concentrate on the study of path algebras, which is one type of bound quiver algebras. Nakayama Conjecture, Tachikawa Conjecture, and Auslander-Reiten Conjecture are some major research projects in ring theory that present sufficient conditions for projective modules. Related to this, it has been known the following related result for Artin algebras: ( * ) For any finite dimensional algebra * 1 Λ over an algebraically closed field of finite global dimension and any finitely generated Λ-module M , if Ext ≥1 Λ (M, Λ) = 0, then M is projective (Theorem 1.2). A typical example of finite dimensional algebras is a path algebra of a finite acyclic quiver over an algebraically closed field. Since any path algebra of a quiver over an algebraically closed field is hereditary (even when the quiver is not finite, see e.g. [9, §8.2] ), that is, its global dimension is not larger than 1, the following assertion also holds: For any algebraically closed field K, any finite acyclic quiver Q and any finitely generated KQ-module M , if Ext 1 KQ (M, KQ) = 0, then M is projective. In this paper, it is shown that the above assertion is also true for finite dimensional K-linear representations of some infinite quivers, for example, the following quiver of A ∞ type (see Theorem 1.11)
We consider some specific quivers Q, as specified in Theorem 2.11, one of which is the above quiver of A ∞ type, to construct an infinitely generated non projective KQ-module, which is denoted by M ω1 . To analyze such a KQ-module M ω1 , Martin's Axiom MA ℵ1 (for ℵ 1 many dense sets) is used. MA ℵ1 is a combinatorial axiom of set theory that
Preliminaries
Throughout this paper module means right module. For a ring R, ModR denotes the category of the R-modules, modR denotes the category of the finitely generated Rmodules. For an R-module M and a subset X of M , X R denotes the R-submodule of the module M generated by X. For an R-module M and R-submodules N i , i ∈ I, of M , i∈I N i denotes the R-submodule that is the R-linear span of the set i∈I N i .
We follow the notation of outer direct sums in [6, I.2.]. For a family {M i : i ∈ I} of modules, the product module i∈I M i is the module whose underling set is the set of functions f with domain I such that for each i ∈ I, f (i) belongs to the set M i , and the operations are defined coordinate-wise. For a member f of the product i∈I M i , the support supp(f ) of f is defined by the set {i ∈ I : f (i) = 0 Mi } .
The outer direct sum i∈I M i of a family {M i : i ∈ I} of modules is the submodule of the product module i∈I M i which consists of the members of the set i∈I M i whose supports are finite.
We adopt ordinals as the von Neumann ordinals, that is, an ordinal α means the set of ordinals less than α. So for ordinals α and β, α is less than β iff α ∈ β. ω is the set of all finite ordinals (non negative integers), ω 1 is the least uncountable ordinal (which is a cardinal). Lim denotes the class of all limit ordinals.
The following is a well-known equivalence about projectivity. . For a ring R with identity and an R-module P , the following statements are equivalent.
(1) For every R-epimorphism f from an R-module M onto an R-module N and Rhomomorphism g from P into N , there exists an R-homomorphism h from P into M such that g = f • h. (2) Every R-epimorphism from an R-module onto P splits, that is, it is right invertible. (3) The functor Hom R (P, −) within the category ModR is exact, that is, for every R-
(4) P is isomorphic to a direct summand of a free R-module.
It is known that the statements from (1) to (3) are also equivalent even if the ring R has no identity.
1.1. Path algebras. Quivers, path algebras, and linear representations of quivers are some basic concepts of representation theory of Artin algebras. Our notation and terminology are fairly standard, see e.g. [2, 3] . In the next paragraphs, we refer definitions, notation, and terminology to [3, .
A quiver denotes a directed graph. Any quiver Q consists of a pair of a set Q 0 of vertices and a set Q 1 of arrows. Each arrow a is equipped with its source s(a) and its target t(a). A quiver Q = (Q 0 , Q 1 ) is called finite if both Q 0 and Q 1 are finite sets. A path of the quiver Q is a finite sequence a 0 a 1 · · · a n of arrows of the quiver Q such that, for each i with 0 ≤ i < n, the target of the arrow a i coincides with the source of the arrow a i+1 . The path a 0 a 1 · · · a n has length n + 1. For each vertex v of the quiver Q, we agree to associate with it a path of length 0, called the trivial path or the stationary path at the vertex v, which is denoted by e v . A cycle is a non-trivial path whose source and target coincide. A quiver is called acyclic if there are no cycles in the quiver. For a quiver Q, Q denotes the underlying graph of Q that is obtained from Q by forgetting the orientation of the arrows, and a quiver Q is called connected if the graph Q is a connected graph. For a field K and a quiver Q, the path algebra KQ of the quiver Q over the field K is the K-algebra whose underlying set is the K-vector space whose basis is the set of all the paths of the quiver Q (which includes all the stationary paths) such that the product of two paths a 0 a 1 · · · a m−1 and b 0 b 1 · · · b n−1 is defined as follows:
The product of basic elements is extended to arbitrary elements of KQ by distributivity. We note that, for any field K and a quiver Q with Q 0 finite, KQ also has an identity, which is of the form v∈Q0 e v . However, for any quiver Q with infinitely many vertices, KQ does not have an identity. We recall that any path algebra KQ of a quiver Q over an algebraically closed field K is hereditary even when a quiver Q is not finite (see e.g.
, that is, its global dimension is not larger than 1. For a quiver Q = (Q 0 , Q 1 ) and a field K, a K-linear representation of the quiver Q is a system X = X v , X a : v ∈ Q 0 , a ∈ Q 1 such that, for each vertex v ∈ Q 0 , X v is a K-vector space and, for each arrow a ∈ Q 1 , X a is a K-linear map from the K-vector space X s(a) into the K-vector space X t(a) . A K-linear representation is called finite dimensional if each X v , v ∈ Q 0 , is a finite dimensional K-vector space. For two K-linear representations X and Y, a morphism from X into Y is a tuple ϕ = ϕ v : v ∈ Q 0 such that, for each v ∈ Q 0 , ϕ v is a K-linear map from the K-vector space X v into the K-vector space Y v and, for each arrow a ∈ Q 1 , the following diagram commutes:
Rep K Q denotes the category of the K-linear representations of a quiver Q over a field K, and rep K Q denotes the category of the finite dimensional K-linear representations X of Q over K. In [3] , these are defined for finite quivers, however, we adopt them for all quivers.
There is a correspondence between KQ-modules and K-linear representation of Q (see e.g. [3, III 1.6 . Theorem]). For a KQ-module M , define the K-linear representation is the zero of X v ), w ∈ Q 0 and a ∈ Q 1 , me w := x w and ma := X a (me s(a) ), and the product by any arbitrary element of KQ is extended by distributivity. We notice that, for every K-linear representation X of Q, F (G(X )) = X , and, for every The following theorem gives a sufficient condition for finitely generated projective modules over a finite dimensional algebra. For example, the following is mentioned without proof in the proof of [14, Theorem 4.7] . Theorem 1.2 (Folklore). Suppose that Λ is a finite dimensional algebra over an algebraically closed field K with finite global dimension. Then for any finitely generated
Proof. Suppose that M is a finitely generated Λ-module and Ext ≥1 Λ (M, Λ) = 0. The point of the proof is to show that, for any finitely generated projective Λ-module P , Ext ≥1 Λ (M, P ) = 0. To see this, let P ′ be a complementary direct summand of P such that P ⊕ P ′ is isomorphic to a direct sum Λ n of finitely many copies of Λ. Then for each integer k ≥ 1,
and
be a projective resolution of M of length d such that each P i is finitely generated, where
Since P d is a finitely generated projective Λ-module,
M is a direct summand of the projective module P d−1 , which is a contradiction. Definition 1.3. For a ring R and a subclass M of ModR, we define the assertion P R (M) that means that, for any
Remark 1.4. For any Noetherian ring Λ with finite global dimension and any finitely generated Λ-module M , there is a projective cover of M which is finitely generated. So the above proof works for any Noetherian ring of finite global dimension. Therefore, for any Noetherian ring Λ of finite global dimension, P Λ (modΛ).
It is known that any path algebra KQ, even when the quiver Q is not finite, is hereditary, that is, its global dimension is not larger than 1 (see e.g. [9, §8.2]). So Theorem 1.2 implies the following. Corollary 1.5. Suppose that K is an algebraically closed field and Q is a finite acyclic quiver. Then P KQ (modKQ). In particular, for any finitely generated KQ-module M , if Ext 1 KQ (M, KQ) = 0 then M is projective. Remark 1.6. A finite quiver of the form
is called a cyclic quiver. Since the path algebra of a cyclic quiver Q over an algebraically closed field K is Noetherian with identity, it follows from Remark 1.4 that P KQ (modKQ).
We can extend the above corollary to some infinite quivers. To introduce such infinite quivers explicitly, we define the following notions. Definition 1.7.
(1) A quiver P = (P 0 , P 1 ) is called a subquiver of a quiver Q = (Q 0 , Q 1 ) if P 0 and P 1 are subsets of Q 0 and Q 1 respectively (hence, for any a ∈ P 1 , s(a) and t(a) belong to P 0 ). (2) For a quiver Q, a subquiver P of Q, a field K and a K-linear representation X of Q, the K-linear representation X ↾ P of the quiver P is called the restricted representation of X by P if for every v ∈ P 0 and a ∈ P 1 , (
there exists a path from a member of P ′ 0 to the vertex v through the quiver Q and
A subquiver P of a quiver Q is called a closed subquiver of Q if P is a closure of some subset of Q 0 under Q. A subquiver P of a quiver Q is called a finite closed subquiver of Q if P is a closed subquiver of Q and it is also a finite quiver.
Proof. Let S be the functor from the category Rep K Q into the category Rep K P such that, for each K-linear representation Y of Q, S(Y) := Y ↾ P , and let T be the functor from
for every a ∈ Q 1 \ P 1 . We notice that both S and T are exact functors. Moreover, since P is a closed subquiver of Q, T is well-defined, that is, the above T (Z) is certainly a K-representation of Q. We also notice that the composition S • T is the identity functor over Rep K P , and
which implies that T (F (KP )) is a direct summand of F (KQ). Note that G(T (F (KP )))
is just KP as a KQ-module, so it follows from our assumption that Ext
splits. We note that in such a short exact sequence, for any v ∈ Q 0 \ P 0 , E v = X v and ϕ v is an automorphism of X v (because T (F (KP )) v is the trivial K-vector space). So, for any short exact sequence of K-linear representations of P of the form
there exists a short exact sequence of K-linear representations of Q of the form
Therefore, it follows that any short exact sequence of K-linear representations of P of the form
splits, which is equivalent to say that Ext
Proposition 1.9. Suppose that K is an algebraically closed field, Q is a quiver and v ∈ Q 0 such that {v} Q is a finite acyclic quiver. Then e v KQ is a projective KQ-module.
Proof. Let M be a KQ-module, and ϕ a KQ-epimorphism from M onto e v KQ. We show that ϕ splits. P denotes the closure {v} Q of the set {v} under Q. We notice that e v KP is a projective KP -module [3, §III.2], and its underlying set is equal to e v KQ. Denote
which is a KP -module, and a subset of
• ψ is the identity. We also notice that ψ can be considered as a KQ-homomorphism from e v KQ, and then ϕ • ψ is also the identity, which finishes the proof.
Proposition 1.10. Suppose that K is an algebraically closed field, Q is an acyclic quiver that contains the quiver
as a subquiver, and X is a finite dimensional K-linear representation of Q such that, for each n ∈ ω, X vn = {0 K }, and X ↾ {v n } Q is a direct sum of finitely many copies of the
Proof. Let P := {v n : n ∈ ω} Q . By Proposition 1.8, it suffices to show that For each n ∈ ω, let d n := max i∈ω {|{p : p is a path from v i to v n on P }|} , when such maximum exists as a finite number, or d n := ∞ otherwise. Notice that, for each n ∈ ω, the dimension of the K-vector space F (e vn KQ) v0 is equal the number of paths from v n to v 0 . So, if infinitely many d n were larger than 1, then the dimension of X v0 had to be infinite. Thus, for all but finitely many n ∈ ω, d n = 1. Therefore, without loss of generality we may assume that, for every n ∈ ω, d n = 1. Hence there is a d ∈ ω \ {0} such that, for any n ∈ ω,
where the last term is the outer direct sum of d many copies of F (e vn KP ). (Notice that d is the dimension of X vn .) For each n ∈ ω, let a n be the unique arrow from v n+1 to v n , and, for each v ∈ P , let m(v) := min {m ∈ ω : there is a path from v m to v} .
Then, for any v ∈ P and n ≥ m(v), any path from v n to v is of the form a n−1 · · · a m(v) p ′ , for some path p ′ from v m(v) to v in P . Thus
where X 0 is the K-linear representation of P such that: for each v ∈ P 0 , X
in general, it suffices to show that Ext
To see this, let π be the canonical KP -epimorphism from n∈ω e vn KP onto G(X 0 ) such that, for each n ∈ ω, π(e vn ) := e vn , and, for each v ∈ P 0 and each path p in P ending in v of the form p = a
is the KP -submodule of n∈ω e vn KP which is generated by the set {e vm − a n · · · a m : m, n ∈ ω, m ≤ n} .
Applying Hom KP (−, KP ) to the exact sequence
we obtain the exact sequence and, for i ≤ n,
For each m, n ∈ ω with m ≤ n, define
Then, for each l, m, n ∈ ω with l < m ≤ n,
Thus, we can extend ϕ to a KP -homomorphism from Ker(π) into KP . To finish the proof, it is sufficient to show that ϕ is not in Im(Hom KP (id Ker(π) , KP )).
Assume it is, and let ψ be a KP -homomorphism on n∈ω e vn KP such that
For each n ∈ ω,
Therefore, for every n ∈ ω, ψ(e v0 ) belongs to the set
However, this is a contradiction because ψ(e v0 ) have to belong to KP . Theorem 1.11. Suppose that K is an algebraically closed field, and Q is a connected quiver such that, for any finite subset P ′ 0 of Q 0 , the closure of P ′ 0 under Q is a finite acyclic quiver. Then P KQ (rep K Q).
For example, the following quivers satisfy the assumption of the theorem:
Note that any infinite quiver as in the assumption of the theorem contains at least one of the following quivers as a subquiver:
• g g P P P P P P P P P P
Proof. This theorem has been proved when Q is a finite quiver in Corollary 1.5. Suppose that Q is an infinite quiver, and X is a finite dimensional K-linear representation of Q such that Ext
in general, without loss of generality we may assume that X is indecomposable. By Proposition 1.8, for every finite closed subquiver P of Q, Ext 1 KP (G(X ↾ P ), KP ) = 0. Therefore, by P KP (modKP ), X ↾ P is projective. It is known that any indecomposable projective KP -module is of the form e v KP for some v ∈ P 0 [3, §III.2]. Since P is a closed subquiver of Q, the underlying set of e v KP is equal to e v KQ, and F (e v KQ) ↾ P = F (e v KP ). So, since X is finite dimensional, X ↾ P is isomorphic to a direct sum of finitely many K-linear representations of the form F (e v KQ) for v ∈ P 0 . Therefore, since X is indecomposable, only one of the following statements hold:
(1) X is isomorphic to F (e v KQ) for some v ∈ Q 0 , or (2) Q contains the quiver
as a subquiver such that, for each n ∈ ω, X vn = {0 K }, and X ↾ {v n } Q is a direct sum of finitely many copies of F (e vn KQ). By Proposition 1.10 and the assumption that Ext 1 KQ (G(X ), KQ) = 0, X is isomorphic to F (e v KQ) for some v ∈ Q 0 . Therefore, X is projective by Proposition 1.9.
1.2.
Martin's Axiom. Martin's Axiom was introduced by Martin and Solovay [13] . This axiom cannot be neither proved nor refuted from axiomatic set theory ZFC, so it is consistent with ZFC. Martin's Axiom can be considered as a generalization of the Baire category theorem (see e.g. [12, Theorem III.4.7] ). In this paper we use UP * 2 , which is one combinatorial consequence from Martin's Axiom. Definition 1.12.
(1) A ladder system (on ω 1 ) is a sequence C α : α ∈ ω 1 ∩ Lim such that * 2 This notation follows [6] but it is not that common in set theory.
• for each α ∈ ω 1 ∩ Lim, C α is a cofinal subset of α, that is, ∀ξ ∈ α∃η ∈ C α ξ ∈ η , and • C α is of order type ω, that is, the elements of C α can be enumerated as {ζ α n : n ∈ ω} increasingly, that is, for every m, n ∈ ω, if m ∈ n, then ζ α m ∈ ζ α n . (2) A coloring d α : α ∈ ω 1 ∩ Lim of a ladder system C α : α ∈ ω 1 ∩ Lim is a sequence of functions such that the domain of each d α is C α . (3) We say that a function f with domain ω 1 uniformizes a coloring d α : α ∈ ω 1 ∩ Lim of a ladder system C α : α ∈ ω 1 ∩ Lim , C α = {ζ α n : n ∈ ω}, if for every α ∈ ω 1 ∩ Lim, the restricted function f ↾ C α of f by C α is equal to the function d α for all but finitely many points, that is, there exists an N ∈ ω such that, for
The assertion UP means that, for any sequence X β : β ∈ ω 1 of countable sets and any coloring
for any α ∈ ω 1 ∩ Lim and n ∈ ω, there exists a function with domain ω 1 which uniformizes the coloring d α : α ∈ ω 1 ∩ Lim . The assertion UP was inspired by Shelah's proof that Martin's Axiom implies the existence of a non free Whitehead group [15, Theorem 3.5] (see also [5] ).
1.3. Trlifaj's construction. In this paper, our modules are built by modifying Trlifaj's construction. As every proof in §2 is fairly self-contained, the reader does not need to be familiar with this construction. Trlifaj's construction is a quotient module of the outer direct sum , which seems to be inspired by Shelah's solution of Whitehead Problem [15] . To fix our notation and understand our construction better, Trlifaj's construction is presented as follows. Let R be a ring with identity and let
be a countable direct system of R-modules. Let C α : α ∈ ω 1 ∩ Lim be a ladder system such that
n ∈ ω} is an increasing enumeration and assume that, for each n ∈ ω, ζ α n is of the form δ + n + 1 for some δ ∈ α ∩ ({0} ∪ Lim) (there is such a ladder system). Define F 0 := {0 R }; for each γ ∈ ω 1 \ Lim with γ = δ + n γ + 1 for some δ ∈ γ ∩ ({0} ∪ Lim) and n γ ∈ ω, define F γ := F nγ ; and, for each δ ∈ ω 1 ∩ Lim, define F δ := n∈ω F n . So, for each member x of the outer direct sum ξ∈ω1 F ξ , x forms a finite support function with domain included in ω 1 and, for each α ∈ ω 1 , x(α) belongs to F α . Hence, if δ ∈ ω 1 ∩ Lim, then x(δ) belongs to the outer direct sum F δ := n∈ω F n , which also forms a finite support function with domain included in ω. For each δ ∈ ω 1 ∩ Lim, define the R-submodule
and x(δ)(n + 1) = f n (x(δ)(n)) R of the R-module ξ∈ω1 F ξ , and define
which is an R-submodule of the R-module 
Some infinitely generated modules of path algebras
Throughout this section, we fix a ladder system C α : α ∈ ω 1 ∩ Lim such that C α = {ζ α n : n ∈ ω} is an increasing enumeration and, for each n ∈ ω, ζ α n is of the form δ + n + 1 for some δ ∈ α ∩ ({0} ∪ Lim). We note that, for any α, β ∈ ω 1 ∩ Lim and m, n ∈ ω, if ζ α m = ζ β n then m = n. For γ ∈ ω 1 \ ({0} ∪Lim), let n γ ∈ ω be the unique integer such that γ = δ + n γ + 1 for some (unique) δ ∈ ω 1 ∩ ({0} ∪ Lim).
For each subsection of this section, we deal with some quiver Q and build a non projective KQ-module M ω1 . For each quiver Q in each subsection, we use the following notation. For each v ∈ Q 0 , e v denotes the path of length 0 from the vertex v (to itself). For γ ∈ ω 1 \ Lim, α ∈ ω 1 ∩ Lim and n ∈ ω, let F γ = F α,n := KQ, and let F α be the outer direct sum 
is linearly independent with respect to KQ in ξ∈ω1 F ξ .
2.1. On a quiver of A ∞ type. Throughout this subsection, let K be an algebraically closed field and Q the following quiver
that is, the set Q 0 of vertices is the set of all non negative integers and the set Q 1 of arrows is defined by n n + 1 : n ∈ ω a n o o .
Since Q 0 is infinite, KQ does not have an identity. By simplifying the notation in this subsection, for each α ∈ ω 1 ∩ Lim and n ∈ ω, n − e α n + e α n+1 a n : α ∈ ω 1 ∩ Lim, n ∈ ω is linearly independent with respect to KQ in ξ∈ω1 F ξ .
In this paper,
ω1
KQ denotes the outer direct sum of ω 1 many copies of KQ, which is considered as a KQ-module.
This claim indicates that M ω1 is not a projective KQ-module.
Proof. F ω1 denotes the KQ-module
Applying Hom KQ (−, ω1 KQ) to the exact sequence
we obtain the exact sequence
By Remark 2.2, we can find a KQ-homomorphism ϕ in Hom KQ (I ω1 , Assume that ϕ ∈ Im(Hom KQ (id Iω 1 , ω1 KQ)), and let ψ ∈ Hom KQ (F ω1 ,
We note that for each γ ∈ ω 1 and n ∈ ω, supp(ψ(e γ n )) is a finite subset of ω 1 . So we can take an α ∈ ω 1 ∩ Lim such that, for every γ ∈ α and n ∈ ω, supp(ψ(e γ n )) is a finite subset of α * 3 . For each n ∈ ω,
n − e α n + e α n+1 a n ) = e α n . Therefore, by induction on n ∈ ω,
Hence, for every n ∈ ω, since each supp(ψ(e ζ α i i )) does not contain α as a member, ψ(e α 0 )(α) ∈ KQ ≤n , where KQ ≤n is the subset of KQ generated by all paths of length ≤ n. This is a contradiction.
The following is similar to [6 
we obtain the exact sequence Iω 1 , KQ) ). Let ϕ ∈ Hom KQ (I ω1 , KQ). We show that ϕ belongs to Im(Hom KQ (id Iω 1 , KQ)). For each α ∈ ω 1 ∩ Lim and n ∈ ω, define
n − e α n + e α n+1 a n ). We notice that, for each n ∈ ω, ϕ(e ζ α n n − e α n + e α n+1 a n ) e n = ϕ(e Therefore, by UP, we can find a uniformization f of the ladder system coloring d α : α ∈ ω 1 ∩ Lim , that is, for each α ∈ ω 1 ∩ Lim, there is an N α ∈ ω such that, for every n ≥ N α , n − e α n + e α n+1 a n ). By Remark 2.1, ψ can be extended to a KQ-homomorphism from F ω1 into KQ. Therefore
which finishes the proof.
Remark 2.5. By a similar argument to the one in the previous theorem, it can be proved that if K is a countable algebraically closed field and UP holds, then Ext ♦ is one set theoretic axiom consistent with ZFC, see e.g. [12] . Claim 2.7. Suppose that Ext KQ (M α+1 /M α , KQ) = 0, and let
be a short exact sequence that splits, that is, there exists a homomorphism ρ from M α into C α such that π • ρ = id Mα . Then there exists a short exact sequence
and there is no homomorphism ρ ′ from M α+1 into C α+1 such that
Since KQ is countable and Claim 2.3 holds, a similar argument as in [5, 6. 3 Theorem] works well to show that Ext KQ (M ω1 , KQ) = 0. Moreover, by a similar argument as in [11] , we can show that, if K is a countable algebraically closed field and there is a set {S α : α ∈ ω 1 } of pairwise disjoint stationary subsets of ω 1 such that ♦ Sα holds for each α ∈ ω 1 , then the cardinality of Ext KQ (M ω1 , KQ) is greater than ℵ 1 .
2.2.
On a circular quiver. In this subsection, let K be an algebraically closed field and Q the following quiver. Then the path a 0 a 1 · · · a k is a path in Q whose source and target are both the vertex 0. We denote the path (a 0 a 1 · · · a k ) 0 = e 0 , and, for each n ∈ ω, define the path (a 0 a 1 · · · a k ) n+1 = (a 0 a 1 · · · a k ) n a 0 a 1 · · · a k .
Recall that v∈Q0
e v is the identity of KQ. For each α ∈ ω 1 ∩ Lim, define It follows from this claim that M ω1 is not projective.
Proof. This can be proved in a similar way as in Claim 2.3. To see this, it suffices to replace the formula ϕ(e Moreover, by a similar proof as Theorem 2.4, the following theorem can be proved. ′ is a quiver that contains a subquiver Q of one of the following types
in such a way that the set of all paths in Q ′ ending in v is countable. Then UP implies the failure of P KQ ′ (ModKQ ′ ).
Proof. Let M ω1 be one of the KQ-modules constructed before. Then, M ω1 can be considered as a KQ ′ -module and, by a similar argument as before, it can be proved that Ext 
